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Abstract: Evaluation and assessment processes are fundamental in educational 
dynamics, especially in higher education. In this context, the use of tests is every day 
and, in many circumstances, essential. In relation precisely to the tests, this study 
examined the operation of certain assumptions in the context of the Non-Equivalent 
groups with Anchor Test (NEAT) design under particular conditions using a simulation 
in which complete information on the performance of groups P and Q on tests X and Y 
would be known. Then the estimates could be compared against actual values. Results 
indicate that the difference in estimation from both assumptions appears to be of no 
practical significance, given that this difference is not expected to result in a change in 
actually reported scores. Practitioners need to know the implications of the use of 
different assumptions when choosing an equating method. Equating is very important, 
especially when different forms of a test are administered. If different forms show high 
differences in difficulty, the test results would not be comparable, and the test takers 
would not be treated fairly. 
  
Key-words: evaluation; assessment; higher education; test; NEAT equating 
methodology. 
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1. Introduction 

 

Equating aims to produce comparable reported test scores regardless of 
which test form is taken. (Albano, 2016). For this purpose, it attempts to 
remove score differences due to test form difficulty so that only test takers’ 
ability differences are reflected in the test scores (Elosua & Hambleton, 2018). 

A popular data collection design for equating is the Non-Equivalent 
groups with Anchor Test (NEAT) design (Akin, 2019, Gübes & Uyar 2020, 
Want et al 2020). When carrying out observed score equating under this 
design, some assumptions are made in order to estimate the unknown 
information. This study compares one traditional assumption made in the 
Levine observed score equating method under the NEAT design with an 
alternative assumption in order to establish which one is more viable across 
populations with different characteristics. 

The NEAT design involves two groups that do not have to be of equal 
ability. One group P gets Form X and an anchor test A and the other group Q 
gets Form Y and the anchor test A (Kolen & Brennan, 2014). The anchor test 
measures differences in group ability (see Table 1).  The object of equating 
techniques in the context of the NEAT design is to estimate how some total 
group T, which is a weighted combination of groups P and Q, would perform 
on both tests X and Y. The estimation involves two unknown pieces of 
information:  the performance of group P on test Y and the performance of 
group Q on test X.  Once these estimates are obtained, then performance on 
tests X and Y can be directly compared in T and the two tests can be thus 
equated to each other.                   

 

  Group P Group Q 

Form X  �   

Form Y   � 

Anchor A  �  � 

 
Table 1. The following table illustrates the NEAT design. 

 
In the Levine observed score method, three assumptions are 

traditionally made so that unknown information from Test Y for group P and 
Test X for group Q can be estimated. Following Holland and Walker (2006) 
these three assumptions will be denoted L1, L2 and L3 and are indicated 
below. 
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L1) X = τX + eX, Y = τY + eY, and A = τA + eA, along with the usual assumption 
that the error terms, eX, eY, and eA, are uncorrelated with their corresponding 
true scores, τX, τY, and τA.  
 

L2) τX = a + bτA, and τY = c + dτA. i.e. the true scores of X and A and Y and A 

are linearly related. This is the congenericity assumption. 
 

The Levine method rests on the assumption that L1 and L2 hold for any 
population T of the synthetic form 

 
T = wP + (1 – w)Q,                                                           (1) 

where 0 < w < 1 (Braun & Holland, 1982).  Note that Levine (1955) did 
not explicitly introduce the concept of a synthetic group, so that the treatment 
here is somewhat more general than Levine (Kolen & Brennan, 2014). 

 

L3) The error variances
2
eσ XT , 

2
eσ YT  and 

2
eσ AT are the same for any T of the 

synthetic form. This assumption, along with an assumption of proportional 
error variances for X, Y, and A, is used in the computation of Angoff’s (1971) 
reliability estimates.  Although Levine observed score equating can be 
computed using other reliability estimates, Angoff’s estimates are traditionally 
used with Levine equating because they result in several desirable properties 
(in particular, several different linear methods become equivalent to each 
other when Angoff’s estimates are used; see Petersen, Kolen & Hoover, 
1989). For this reason, L3 will be referred to as Angoff’s assumption in this 
paper, although it did not originate with him.  

 An alternative assumption to L3 has been proposed by Holland (2004; 
see also Holland & Walker, 2006) and it is denoted here by L3*. 
 

L3*) The ratios, 

ρ
ρ

XT

AT  and

ρ
ρ

YT

AT , are constant as functions of T of the 
synthetic form (Holland & Walker, 2006); that is, the ratios of the square roots 

of the reliabilities, 

ρ
ρ

XT

AT  and 

ρ
ρ

YT

AT , are population invariant. 
 
The idea behind this L3* assumption is that from L1 and L2 it can be 

shown that   

σXT = σXP 
σ
σ

AT

AP

ρ ρ
ρ ρ
 
 
 

XP XT

AP AT

 and   σYT = σYQ 
σ
σ

AT

AQ

ρ ρ
ρ ρ

 
 
  

YQ YT

AQ AT

 (Holland & Walker, 2006).  
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Under L3* the previous two formulas reduce to  

σXT = σXP 
σ
σ

AT

AP

 and   σYT = σYQ 
σ
σ

AT

AQ  
because the value in brackets will be 

equal to 1.0.  
 
The next section presents the derivation of such formulas.  
 
The purpose of this study is then to use a simulation to determine which 

of two assumptions - Angoff’s constant error variance assumption (L3) or 
Holland’s constant reliability ratio assumption (L3*) - is more viable across a 
wide range of populations T.  

 

2. Derivation of formulas 
 
The following derivation of formulas is based on Holland & Walker 

(2006).  
  
2.1. Results from using just L1 and L2. 
 
Several simplifying consequences can be derived from assumptions L1 

and L2.  
From L1 for any T, the mean of X and of X over T are the same, i.e., 
 

µXT = E(X| T) = E(τX| T) = τµ X T
,     (2) 

 
 Similar results hold for Y and A as well. 
 
 Taking expectations over T of the linear equations in L2, and then 

letting w = 1 so that T = P, results in 
 

a = µXT – bµAT = µXP – bµAP,      
 
by the rules of expectations of functions, and implies the following 

basic formula for µXT in terms of quantities that can be estimated directly in 
the NEAT design plus the unknown value of b, 

 
µXT = µXP + b(µAT – µAP).      (3)
    

By an analogous argument a formula for µYT is obtained:  
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µYT = µYQ + d(µAT – µAQ).      (4) 
 
In addition, taking variances over T of the linear equations in L2, and 

then letting w = 1 so that  T = P, results in  
 

2
τσ XT = 

2 2b τσ AT  and 
2
τσ X P = 

2 2b τσ AP .     (5) 
 
This follows directly from the definition of the variance of a function.  

Equation (5) implies the following formula for b and shows the sense in which 
it is the “effective length” of X relative to A, 

b = 

τ

τ

σ

σ
X

A

T

T  = 

τ

τ

σ

σ
X

A

P

P .       (6) 
 
The notion of effective test length is expressed as the ratio of the true 

score standard deviations. By an analogous argument the corresponding 
formula for d, can be derived: 

 

d = 

τ

τ

σ

σ
Y

A

T

T  = 

τ

τ

σ

σ
Y

A

Q

Q .       (7) 
 
Observe that L2 gets its strength as an assumption from the requirement 

that it holds for any T, and is therefore population invariant. 
 
2.2. Formulas for the variances of X and Y over T 
 
There are at least two ways to obtain expressions for the variances of X 

and Y over T. The first assumes L1 and L2 and makes a population invariance 
assumption concerning the ratio of the reliabilities of X and A and of Y and A. 
The second approach, the more standard one, also assumes L1 and L2 but 
makes a different population invariance assumption concerning the error 
variances. 

For the first approach, we begin by using the usual formulas for test 
reliability to express the relationship in (6) in slightly different terms. Define 
the reliabilities of X and A in T, as usual, as 

 

2ρXT  = 

2

2

τσ

σ
XT

XT  and 
2ρAT  = 

2

2

τσ

σ
AT

AT ,     (8) 
 
so that, 
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τσ X T
 = ρXTσXT and τσ AT

 = ρATσAT, 

 
and hence from (6) that, 
 

b = 

ρ σ
ρ σ

XT XT

AT AT = 

ρ σ
ρ σ

XP XP

AP AP .      (9) 
 
From (9) it follows that 
 

σXT = σXP 
σ
σ

AT

AP

ρ ρ
ρ ρ
 
 
 

XP XT

AP AT

.     (10) 

 
Similarly, from L1 and L2 we also have 
 
  

σYT = σYQ 
σ
σ

AT

AQ

ρ ρ
ρ ρ

 
 
  

YQ YT

AQ AT

.     (11) 

 
Now the idea behind the first approach to estimating σXT  and σYT  is to 

assume that the expressions in brackets in (10) and (11) have the value 1.0; 

that is, to assume that the ratios of the square roots of the reliabilities, 

ρ
ρ

XT

AT  

and 

ρ
ρ

YT

AT , are population invariant.  This is assumption L3*.  Under this 
assumption, the standard deviations of X and Y over T are given by 

 
 

σXT = σXP 
σ
σ

AT

AP

 and σYT = σYQ 
σ
σ

AT

AQ

.     (12) 

 
The expressions in (12) are exactly the same as the corresponding 

standard deviations for chained linear equating. 
 The second approach exploits the well known decomposition of test 

score variance into true score variance and error variance; that is, 
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2σ XT  = 
2
τσ XT + 

2
eσ XT . 

 
The population invariance assumption is on the error variances, such 

that the variances 
2
eσ XT , 

2
eσ YT  and 

2
eσ AT are constant for any T of the synthetic 

form.  This is assumption L3.  From L3 it follows that 
 

2σ XT  – 
2
τσ XT  = 

2σ XP  – 
2
τσ X P ,      (13) 

 
or 
 

2σ XT  = 
2σ XP  + (

2
τσ XT – 

2
τσ X P ).      (14) 

 
However, the equations in (5) show that (14) may be expressed as 
 

2σ XT  = 
2σ XP  + b2(

2
τσ AT  – 

2
τσ AP ).     (15) 

 
Furthermore, L3 also implies that 
 

2
τσ AT  – 

2
τσ AP  = 

2σ AT  – 
2σ AP  

 
so that (15) reduces to 
 

2σ XT  = 
2σ XP  + b2(

2σ AT  – 
2σ AP ).      (16) 

 

A similar result holds for 
2σYT , i.e., 

 
2σYT  = 

2σYQ  + d2(
2σ AT  – 

2σ AQ ).      (17) 
 

3. Method 

 
This study tested L3 and L3* using a simulation, in which full 

information on performance of groups P and Q on tests X and Y would be 
known.  Then the estimates could be compared against actual values. To 
replicate practical settings it was decided that the anchor test would have 50 
items and the tests X and Y would have 100 items each. Test scores were 
generated as follows. For the anchor test A in population P, true scores were 
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generated under N (25, 64). In population Q true scores for A were generated 
under N (27, 81), so that population Q was more able and more variable than 
population P.  Observed scores on test A were generated under L1 by using a 
binomial error model to generate error terms. Under the binomial error model, 
the (squared) conditional standard error of measurement (CSEM) is 

determined by 

( )
( )

2
| 1

A A
A

n
nτ

τ τσ −
=

−
 where n is the number of items in 

the test (Lord & Novick, 1968). 

Once the error scores for A were generated under N (0, 
2

|Aτσ
), the 

observed A scores were obtained by adding the true scores and the 
corresponding error scores. 

 True X scores and true Y scores were generated under L2 
(τX = a + bτA and τY = c + dτA).  The choice of a, b, c and d was made to 
replicate reasonable values in practical settings, given the desired maximum 
score of 100 for both tests: a=2, b=2.1, c=4, and d=1.9.  The result was a test 
X that was somewhat easier across the majority of the score range.   

Observed X and Y scores were generated under the binomial error model 
in a similar way as observed scores for A were generated. 

The populations P and Q were combined to produce the synthetic form 
T = wP + (1 – w)Q, (Braun & Holland, 1982) where 0 < w < 1. Eleven 
different weights for w where used, ranging from 0 to 1 in increments of .1. 
For example when w = 0, T = Q and when w = 1, T = P. When w = 0.1, T is 
the combination of a random sample of 10% from P and 90% from Q. 

The data generation was carried out with SAS 9.1 (2002). Populations P 
and Q were created with 100,000 cases each. Every population T had 100,000 
cases as well. The actual variances and reliabilities for X and Y were computed 
directly in each population T, because full information on X and Y was 
available for every case. Then the estimates of variances and reliabilities 
under the L3 and L3* assumptions were computed, using only information on 
X in P and information on Y in Q.  These estimates were then compared with 
the actual values.  

The linear equating functions of X to Y under L3 and under L3* across 
the various populations were computed and compared to the actual values. 
The Equating Root Mean Square Difference (RMSD) was also computed. 

 
4. Results 

 
Results are summarized in Figures 1 to 7.  Figure 1 displays the results 

for the estimation of the reliability of test X.  According to this graph, the 
estimation of reliability under the traditional assumption L3 is closer to the 
actual reliability of test X. As the weight on P approaches 1 (i.e. T becomes 
more similar to P) the estimated reliabilities under the L3 and L3* 
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assumptions get closer to the true reliability of X.  The reason for this trend 
should be obvious:  The estimation procedure uses the full information on X 
available only in P.  If T = P, then no estimation is necessary. 

 
 

Figure 1. Estimated Reliability for Test X under assumptions L3 and L3*, compared with the 
actual reliability of X. 

 
Figure 2 displays the results for the estimation of reliability of test Y.  

According to this graph, the estimation of reliability under the traditional 
assumption L3 is closer to the actual reliability of test Y. As the weight on P 
approaches 0 (i.e. T becomes more similar to Q) the estimated reliabilities 
under L3 and L3* get closer to the actual reliability of Y.  

 

 
 

Figure 2.  Estimated Reliability for Test Y under assumptions L3 and L3*, compared with the 
actual reliability of Y. 
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Figure 3 shows the results for the estimation of variance of test X. The 
estimation of variances under L3* appears to be slightly better than the 
estimation under L3. As the weight on P approaches 1, the estimation under 
both L3 and L3* gets closer to the actual value of the variance. 

 
 

Figure 3. Estimated Observed Score Variance for Test X. under Assumption L3 Versus L3* 
Compared with Actual Variance. 

 
Figure 4 shows the results for the estimation of variances of test Y. The 

estimation under both assumptions appears to be very close to the true 
variance in most of the range of weight on P. When the weight gets closer to 1 
the estimation under L3 appears to be slightly better than the estimation under 
L3*.  

 

 
Figure 4. Estimated Observed Score Variance for Test Y under Assumption L3 Versus L3*, 

Compared with Actual Variance. 
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Figure 5 presents the estimated α (linear equating slope for equating X 
to Y) under assumption L3 versus L3*, compared with actual α.  According to 
this graph, for the lower range of weight on P the estimation under L3* 
appears to be closer to the actual α value while for the upper range of weight 
on P the opposite occurs. In the middle range of weight on P, L3 appears to 
perform slightly better than the estimation under L3*. 

 

 
 

Figure 5. Estimated α (Linear Equating Slope for Equating X to Y) under Assumption L3 
Versus L3*, Compared with Actual α. 

 
Figure 6 shows the estimated β (linear equating intercept for equating X 

to Y) under assumption L3 versus L3*, compared with actual β.  According to 
this graph it appears that the estimation under L3 is better than the estimation 
under L3*.  

 
 

Figure 6. Estimated β (Linear Equating Intercept for Equating X to Y )  under Assumption L3 
Versus L3*, Compared with Actual β. 
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To have an idea of the practical difference in the estimation between L3 

and L3* Figure 7 displays a particular case (.4P + .6Q ) for the  difference in 
the estimated  X to Y equating function values under assumption L3 versus 
L3*, compared with actual equating function values.  

 

 
 

Figure 7. Difference in the Estimated X to Y Equating Function Values under Assumption L3 
Versus L3*, Compared with Actual Equating Function for the case .4P + .6Q 

 
 
This graph shows that for the difference is smaller for the L3 estimation. 

However even the biggest difference of 0.3 for a raw score close to 0 is of no 
practical significance, given that it is not expected to result in a change in 
actual reported score.  Dorans and Feigenbaum (1994) proposed the notion of 
the “Difference That Matters” (DTM), defined as half a reported score unit, to 
judge the practical importance of a difference in unrounded equated scores.  If 
the unrounded difference between two sets of equating results is less than the 
DTM, the authors argued, then both sets of scores should round to the same 
values.  Because the differences here are all less than the DTM of 0.5, they 
can be considered inconsequential for all practical purposes.  

To have an idea of what the magnitude of the difference is across all the 
weights on P, Figure 8 shows the equating root mean square difference 
(RMSD) values under assumption L3 versus L3*. Again differences in both 
estimations appear to be of no practical significance, as they are less than the 
DTM of 0.5. 
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5. Discussion and Conclusion 
 
 Although several recent studies (Albano, 2016, Elosua & Hambleton 

2018, Akin, 2019, Gübes & Uyar, 2020, Wang et al, 2020) have looked into 
the score comparability through different equating techniques none of them 
have compared the assumption of the constant reliability ratio (L3*) to the 
traditional assumption of constant error variance (L3) in the Levine method of 
equating. Albano (2016) reviewed various methods for applying them to 
nonequivalent groups. Elosua & Hambleton (2018) studied the effect of 
combining differential item functioning and test equating to achieve a higher 
score comparability. Akin (2019) compared different Kernel equating methods 
with designs based on the Non-Equivalent groups with Anchor Test Design 
(NEAT). Gübes & Uyar (2020) studied the effect of the presence of 
differential item functioning into the equating function and they found little 
differences when DIF is present. Wang et al (2020) looked at the effects of 
test length and sample size in the equating for non-equivalent groups.  

Given the conditions set in this study, estimation from the traditional 
assumption L3 appeared to be closer to the estimation from the alternative 
L3*. However, the RSMD indicates that the differences are not of practical 
significance given that these differences are not expected to result in a change 
in actual reported scores. 

The educational implication of this study resides in the evaluation of the 
usually untestable invariance assumptions inherent in NEAT equating.  
Knowing the effect of this assumptions in the calculation of the equating 
function is of special interest for practitioners when choosing the method to be 
used.  

This study examined the operation of certain assumptions in the context 
of the NEAT design under very specific conditions.  Linear NEAT equating 
methodology could benefit from extensions of this research that examined 
other conditions such as: 

a) A larger difference in ability between populations P and Q. This is 
controlled by the distributions N (mean, variance) used to generate the 
anchor test scores in populations P and Q.  

b) A larger difference in difficulty between tests P and Q. This is 
controlled by the choice of a, b, c, d. 

c) Use of a different model to generate error scores besides the binomial 
error model. 

d) Use of non-normal distributions of total and anchor test scores. 
Further studies should focus on these additional conditions. This study 

and further studies should help practitioners on deciding what equating 
methods utilize, especially when different versions of a test are administered.   
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